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Abstract 

We completely determine, up to homeomorphism, which simply 
connected compact oriented 4-manifolds admit scalar-flat, anti-self- 
dual Riemannian metrics. The key new ingredient is a proof that 
the connected sum CT 2 #CF 2 #CT2#CF2#CF2 of five reverse-oriented 
complex projective planes admits such metrics. 

1 Introduction 

Marcel Berger [4] credits the late Rene Thom with the following vague, but 
fundamental, question: 

Does every smooth compact manifold admit a best metric? 

Berger eventually proposed a more precise version of the problem by asking 
which smooth compact n-manifoldsx M, n > 3, admit Riemannian metrics 
g which are as flat as possible, in the sense that they minimize the scale- 
invariant functional 



where 1Z denotes the Riemann curvature tensor, \7Z\ is its point-wise norm 
with respect to the metric, and dfi is the n-dimensional volume measure 
determined by the metric. The following terminology is then used to describe 
metrics which are "best" in this precise sense: 
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Definition 1 Let M be a smooth compact n- dimensional manifold, n > 3. 
A smooth Riemannian metric g on M is said to be an optimal metric if it is 
an absolute minimizer of the above-defined functional K, in the sense that 

JC(~g) > K{g) 

for every smooth Riemannian metric g on M. 

Berger's chief motivation for Definition 1 seems to have been that, as 
explained in §1.1 below, Einstein metrics on compact 4-manifolds are optimal 
in this sense. But this fact also shows that dimension 4 enjoys a peculiar, 
privileged status for the problem. Indeed, notice that, for any integer m > 2, 
there is a non- optimal Einstein metric g on S* 3 x S m , given by the product 
of the standard 'round' metrics of radii a/2 and \/m — 1, respectively. Since 
g is not flat, we obviously havee JC(g) > 0. However, there is a sequence of 
homogeneous metrics on S* 3 x S m with /C \ 0, as may be constructed by 
shrinking g along the fibers of the Hopf fibration S* 3 x S m — > CPi x S rn . This 
shows that there are non-optimal Einstein metrics in any dimension > 5. 
Since essentially the same argument also shows that the constant-curvature 
metric on S 3 isn't optimal either, the very special status of dimension four 
is now manifest. 

However, while every 4-dimensional Einstein metrics is optimal, not every 
4-dimensional optimal metric is Einstein. This fact, which is of fundamental 
importance for our purposes here, now merits a careful explanation. 

1.1 Optimal Metrics in Dimension Four 

Why, then, is dimension four so special? To a large extent, this is because 
the bundle of 2-forms on an oriented Riemannian 4-manifold (M, g) can be 
invariantly decomposed as a direct sum 

A 2 = A+©A-, (1) 

of the (zbl)-eigenspaces A^ 1 of the Hodge * operator. Since the Riemann 
curvature tensor TZ may be thought of as a linear map A 2 — > A 2 , the decom- 
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position (1) therefore allows us to think of 1Z as consisting of four blocks: 
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Here VF± are the trace-free pieces of the appropriate blocks, and are called 
the self-dual and anti-self-dual Weyl curvatures, respectively; these pieces 
of the curvature tensor are conformally invariant, in the sense that they 
are unchanged if g replaced by u 2 g, where u is an arbitrary smooth positive 
function. The scalar curvature s is understood to act by scalar multiplication, 
whereas the trace-free Ricci curvature f — r — f c/ acts on 2-forms by 



In terms of this decomposition of the curvature tensor of an arbitrary metric g 
on a compact oriented 4-manifold M, the generalized Gauss-Bonnet theorem 
expresses the Euler characteristic of M as 



«i«i = p[(s + M' + w-f)^ 



(3) 



while the Hirzebruch signature theorem allows us to express the signature of 

M as 

; / {\W + \'-\WA 2 )d^ g . (4) 
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Since our curvature functional becomes 
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in dimension 4, we therefore have 

K(g) = 8n 2 X (M) + / \r g \ 2 dpi g , 
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implying Berger's observation that any Einstein metric g minimizes /C. How- 
ever, not every optimal metric is Einstein, even in dimension four. For ex- 
ample, the Gauss-Bonnet and signature formulae imply that 

K{g) = -8vr 2 (x + 3r)(M) + 2 ^ + 2\W + \ 2 ^ d N 

so, as was perhaps first observed by Lafontaine [27], another class of minimiz- 
ers is given by the metrics for which both W + and s are identically zero. We 
will indicate the latter class of metrics by means of the following terminology: 

Definition 2 If M is a smooth oriented 4-manifold, a Riemannian metric g 
on M is said to be anti-self-dual (or, for brevity, ASD) if its self-dual Weyl 
curvature is identically zero: 

W+ = 0. 

A metric g is called scalar- flat ( or, more briefly, SF ) if it satisfies 

s = 0. 

Finally, we say that g is scalar-flat anti-self-dual ( or SFASD ) if it satisfies 
both of these conditions. 

Notice that the ASD condition is conformally invariant; that is, if g is 
ASD, so is u 2 g, for any positive function u. By contrast, if g has scalar 
curvature s, then g = u 2 g has scalar curvature s determined by 

su 3 = (6A + s)u, 

where A = —V • V is the Laplace-Beltrami operator of g. In particular, a 
conformal class on a compact manifold can contain at most one scalar-flat 
metric, up to overall constant rescaling. 

An immediate corollary of the above ideas is that any locally confor- 
mally flat, scalar-flat metric on a compact 4-manifold is optimal. This fact 
alone provides many examples of non-Einstein optimal metrics on compact 
4-manifolds with infinite fundamental group; for example, the product met- 
ric on S 2 x S, where £ is a compact surface of genus > 2 equipped with a 
choice of hyperbolic (Gauss curvature —1) metric, and where the 2-sphere S 2 
is taken to be equipped with its standard (Gauss curvature +1) metric. How- 
ever, examples produced by this trick can never be simply connected [26]. 
Nonetheless, simply connected SFASD manifolds do exist in considerable pro- 
fusion, and, as we shall explain in the next subsection, the entire purpose of 
this paper is to provide a complete topological classification of those simply 
connected 4-manifolds which admit optimal metrics of this special type. 
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1.2 The Main Result 



The existence of an SFASD metric places tight constraints on the topology 
of a 4-manifold. Indeed, the following result was pointed out in [31]: 

Proposition 1.1 A smooth compact simply connected 4-manifold M admits 
scalar-flat anti- self- dual metrics only if 

• M is homeomorphic to kCF 2 for some k > 5; or 

• M is diffeomorphic to CF 2 ^kCF2 for some k > 10; or else 

• M is diffeomorphic to K3. 

The key point [28] is that a self-dual harmonic 2-form on a compact 
SFASD 4-manifold must be parallel; thus, either the intersection form on 
H 2 must be negative-definite, or else the metric must be Kahler. Moreover, 
as observed by Lafontaine [27], our Gauss-Bonnet-type formulae imply that 
any SFASD manifold must satisfy 2% + 3r < 0, with equality only if the 
metric is locally hyper-Kahler. The Proposition therefore follows from the 
celebrated results of Donaldson [11] and Freedman [15] on the topology of 
smooth 4-manifolds, together with an elegant plurigenus vanishing argument 
due to Yau [45]. 

The purpose of the present paper is to prove a near-converse of the above 
Proposition: 

Theorem A A smooth compact simply connected 4-manifold M admits scalar- 
flat anti- self- dual metrics if 

• M is diffeomorphic to kCP 2 for some k > 5; or 

• M is diffeomorphic to CF 2 ^kCF 2 for some k > 10; or 

• M is diffeomorphic to K3. 

In particular, each of these manifolds carries an optimal metric. 

Combining Proposition 1.1 and Theorem A, we thus have: 
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Corollary 1.2 A compact simply connected topological 4-manif old M carries 
a smooth structure for which there is a compatible SFASD metric g iff M is 
homeomorphic to K3, CF 2 #kCP 2 , k > 10, or kCF 2 , k > 5. 

It is still unknown whether any /cCP 2 admits non-standard smooth struc- 
tures, so the degree to which Theorem A represents a true converse of Propo- 
sition 1.1 remains poorly understood. Note, however, that each of the topo- 
logical manifolds K3 and CF 2 #kCF 2 , k > 10, admits infinitely many exotic 
smooth structures, and Proposition 1.1 asserts that there can never be an 
SFASD metric compatible with any of these. Moreover, for large classes of 
such exotic smooth structures, related arguments even show [31, Theorem B] 
that these manifolds do not admit compatible optimal metrics of any kind. 

Now, as indicated above, the proof of Proposition 1.1 hinges on the fact 
that any self-dual harmonic 2-form on an SFASD 4-manifold must be par- 
allel. For this reason, the only such metrics on K3 are hyper-Kahler, and 
the corresponding existence assertion in Theorem A therefore follows from 
Yau's solution [46] of the Calabi conjecture. Similarly, the SFASD metrics on 
CP2#A;CP2 are precisely the scalar-flat Kahler metrics on these spaces; for 
k > 14, the existence of such metrics was first shown by Kim, Pontecorvo, 
and the first author [22], a result which was later improved to k > 10 by 
Rollin and Singer [41]. On the other hand, the existence of SFASD metrics 
on kCF 2 , k > 6, was first shown in [31]. The main goal of the present paper 
is therefore to improve the last assertion in order to include the case of k — 5; 
however, we will in fact obtain a simple, unified construction of such metrics 
for all k > 5 at no added cost. We now begin by providing a brief overview 
of the entire construction. 

1.3 Strategy of the Proof 

In order to prove Theorem A, we begin by choosing some integer I > 3, and 
then consider the two oriented conformally-flat orbifolds given by S ,4 /Z 2 and 
S 4 /7*e, where the relevant actions of Z 2 and Z^ on the quaternionic projective 
line ETPi = S* 4 are respectively generated by 



Both of these orbifolds have two singular points, corresponding to [1 : 0] and 
[0 : 1] G ETPi. However, while the two singularities of S ,4 /Z 2 are on an equal 




and 
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footing, the two singularities of S 4 /Zi are instead mirror reflections of each 
other, corresponding to local actions on the quaternions EI = IR 4 respectively 
generated by 

q i — > e 27ri/e q and q i — > qe~ 2m/i . 

We now form the connected sum of these two orbifolds by removing a 
small round ball from the non-singular region of each, and then identifying 
the resulting S^-boundaries via a reflection: 




The resulting orbifold V = (S 4 /Zj2)#(S 4 fLg) is thereby endowed with an 
anti-self-dual orbifold conformal structure — indeed, with a locally confor- 
mally flat one. 

Now each singularity of the orbifold V looks like one familiar from the 
theory of complex algebraic surfaces [3], and each therefore has a so-called 
minimal resolution. We may thus desingularize V to obtain a smooth 4- 
manifold. Strictly on the level of smooth topology, this process amounts to 
replacing a neighborhood B 4 /T of each singular point with a standard 4- 
manifold plug bounded by the same Lens space S 3 /T. For the two T = Z 2 
singularities, the interior of our plug is just the degree —2 complex line bundle 
over S 2 = CPi. Similarly, for the singularity arising from the action of T = %g 
generated by 

q i-> e 2wi/e q, 

the interior of our plug is just the degree — £ complex line bundle over S 2 . 
Finally, for the singularity arising from the action of T = generated by 

q i-> qe- 2wi/e , 

the interior of our plug is a union of £ — 1 copies of the degree —2 complex 
line bundle over S 2 , plumbed together 
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in the manner dually indicated by the Dynkin diagram A e _i\ 



Now it is known [30] that if this desingularization process is separately applied 
to S A /7*2 and S A /1ie, the resulting manifolds are respectively 2CP2 and £CP 2 . 
Thus, the 4-manifold we obtain from V = (S ,4 /Z 2 )#(S' 4 /Z£) by this process 
will exactly be M = (£ + 2)CP 2 . In particular, the t — 3 case will gives us 
the manifold M = 5CP2, where the existence of optimal metrics is the key 
issue at stake. 

Now each plug we have used to replace a singularity admits an asymp- 
totically locally Euclidean (ALE) scalar-flat anti-self-dual (SFASD) metric 
[13, 17, 19, 29]. The ALE property means that the complement of a compact 
set is diffeomorphic to (1R 4 — B 4 )/T in such a manner that the metric takes 
the form 

9jk = 5 jk + 0(Q~ 2 ), 

where g is the Euclidean radius. Since multiplying such a metric by a tiny 
positive number therefore yields a space whose geometry is macroscopically 
indistinguishable from the flat orbifold IR 4 /T, one might thus hope to find 
anti-self-dual metrics on M = (£ + 2)CP 2 by grafting these ALE metrics onto 
the conformally flat conformal structure of the non-singular region of V, and 
then perturbing the grafted metric so as to once again solve the anti-self- 
duality equation. As we shall see, this does indeed work. Our approach to this 
aspect follows the direct analytic approach first proposed by Floer [14, 24, 41, 
43]. We remark in passing that the alternative of a twistor approach [2, 39] 
to this problem might seem particularly tempting, but that the requisite 
stack-theoretic generalization of the Donaldson-Friedmann construction [10] 
has yet to be put on a solid footing; however, see [22, 34, 47] for evidence 
that such an approach should indeed be tractable. Note that this gluing 
procedure depends on a general vanishing result (Theorem 4.2) which had 
previously been asserted in [24, Theorem 8.4]; here, our contribution is to 
point out and repair a gap in the earlier proof. 

Now, we have already noted that V carries a conformally flat structure. 
However, this conformally flat structure is far from unique. To the contrary, 
as we will see in §3 below, the theory of Kleinian groups [37] provides us with 
a connected family of conformally flat structures for which the corresponding 
limit sets have Hausdorf dimension varying from nearly zero to nearly two. 
By a result of Schoen-Yau [42], this implies that some of these conformal 
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structures are represented by metrics of positive scalar curvature, while others 
are represented by metrics of negative scalar curvature. The punch line of 
our story is that the above gluing construction can be carried out uniformly 
in these additional parameters, and, setting k = £ + 2, a gluing argument 
suggested by the work of Dominic Joyce [20] allows us to show the existence 
of 1-parameter family of ASD metrics on M = kCP 2 for which the scalar 
curvature changes sign in an analogous manner: 

Theorem B For any integer k > 5, the smooth oriented 4-manifold 

kCP 2 = CP 2 # • • • #CP 2 

N v ' 

k 

admits a smooth 1-parameter family of anti- self- dual conformal metrics [g t ], 
t G [—1,1], such that [gi] contains a metric of positive scalar curvature, while 
[g-i] contains a metric of negative scalar curvature. 

Now, because the lowest eigenvalue of the Yamabe Laplacian depends 
continuously on t, it is then easy to show that there must be some t G [—1,1] 
such that [gt] contains a metric with scalar curvature s = 0. In particular, 
this then shows that, for any k > 5, the 4-manifold M = kCF 2 carries a 
scalar-flat anti-self-dual metric. In light of our previous discussion, Theorem 
A is therefore an immediate consequence. 

2 Uniformizing the Orbifold V 

The orbifold V of §1.3 is actually expressible as a global quotient X/Dg, 
where the locally conformally flat 4-manifold 

X = (S 3 x 1 S 1 )#---#(,S 3 x S 1 ) 

N v ' 

e-i 

may be constructed by connecting two 4-spheres with £ tubes 
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and where the action of the dihedral group De on X is then generated by a 
cyclic permutation of the handles and by an interchange of the two 4-spheres. 
This can be seen most directly by first recognizing V = (S' 4 /Z2)#(5' 4 /Z^) as 
a Z^-quotient of S ,4 #£(5 ,4 /Z 2 ), and then observing that this latter space can 
in turn be thought of as X/Z 2 . 

2.1 The Kleinian Group Picture 

Let us now explicitly realize X and V as quotients of regions of the 4-sphere 
by groups of Mobius transformations. Clearly, a fundamental region in the 
universal cover of X can be taken to be S 4 = M U {00} minus the £ open 
balls of radius e centered at the £ th roots of unity in C C EI, together with 
the inversion of this complement into the £-ball centered at 1: 



The universal cover X of X is thus realized as S A minus a Cantor set Aci, 
where ni{X) — Z*- • -*Z acts via a certain representation 7Ti(X) — > PL(2, H). 
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and where Z 2 is generated by the inversion 



a{q) = l + e 2 {q-l)-\ 

Note that tti(X) is the subgroup of Z 2 * Z^ generated by (a/5) 2 and its con- 
jugates, and so is exactly the kernel of the obvious surjective homomorphism 
Z 2 * -> D t . Since a and (3 actually actually lie in PSL(2, C) < PL(2, H), 
the relevant representations of Z 2 * Z^ and 7Ti(X) < Z 2 * Z^ are actually 
PSL(2, C)-valued, and the limit set A is thus a subset of the plane Cel. 

2.2 The Limit Set A 

The limit set A comes, by construction, with a hierarchy of coverings by disks 
in C. At the crudest level, it is contained in a union of £ disks of radius e, 
where we are allowed to choose any positive e < sin(7r/£). We now express 
this choice as 

sin(7r/f) 
e = — — — - 
C+l 

for some real number C > 0. Each disk in the successive layers of the 
heirarchy contains £—1 times as many disks as in the previous layers, and each 
disk in any layer has radius smaller than that of some disk in the preceding 
layer by a factor of better than C~ 2 . In particular, A is contained in a 
union of £(£ — l) N disks of radius less than C~ 2N , and so has rf-dimensional 
Hausdorff measure < £[(£ - l)/C 2d ] N . Taking N -> oo, we thus see that 
the Hausdorff measure of A is zero in any dimension > [log(£ — l)]/21ogC. 
For fixed £, it follows that that the Hausdorff dimension dim A can be taken 
arbitrarily close to by taking e to be sufficiently small. 

This now implies that some of the constructed conformal structures on 
V are represented by conformally flat orbifold metrics of positive scalar cur- 
vature. Indeed, let us recall a remarkable result of Schoen and Yau [42], 
together with a slight refinement due to Nayatani [38]: 

Lemma 2.1 (Schoen- Yau, Nayatani) Let (M,[gJ) be a compact, locally 
conformally flat n-manifold, n > 3, which can be uniformized as 

M = n/G, 

where G C SO\n + 1, 1) is a Kleinian group and where Q C S n is the region 
of discontinuity of G. Let g G [g] be a metric on M in the fixed conformal 
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class for which the scalar curvature s does not change sign. Assume that 
the limit set A of G is infinite, and let dim(A) > denotes its Hausdorff 
dimension. Then 

n 

s > dim(A) < - - 1 

s = dim(A) = - - 1 

Tl 

s < dim(A) > - - 1. 

Now any conformal class on any compact manifold contains metrics for 
which the scalar curvature does not change sign; moreover, as observed by 
Trudinger [44], this sign coincides, for any background metric g, with that of 
the lowest eigenvalue A of the Yamabe Laplacian, given in dimension 4 by 

A + — ■ 

g+ 6 ' 

indeed, if u is an eigenfunction with eigenvalue A, then u is nowhere zero by 
the minimum principle, and g = u 2 g then has scalar curvature 

s = u- 3 6(A g + b ^)u = 6\u~ 2 

which everywhere has the same sign as A. Let us apply this to 

X = {S 3 x 1 S 1 )#---#(,S 3 x S 1 ) . 

N v ' 

e-i 

By averaging, we may begin by choosing our background metric g on X to 
be invariant under the action of the finite group D^. Because the minimum 
principle implies that the lowest eigenvalue A of the Yamabe Laplacian has 
multiplicity one, the corresponding lowest eigenfunction u is unique up to 
an overall multiplicative constant, and so must be invariant under the finite 
group of isometries D^. Thus g = u 2 g may either be viewed as a /^-invariant 
conformally flat metric on X, or else as a conformally flat orbifold metric on 
V = X/D(,. By Lemma 2.1, the sign of the scalar curvature of g will therefore 
be positive iff the Hausdorff dimension of the limit set A of our Z 2 * action 
is less than 1. Since we have just seen that this can be accomplished by 
taking the parameter e to be sufficiently small, it follows that some of our 
conformal classes are indeed represented by conformally flat orbifold metrics 
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on V which have positive scalar curvature, as would also be predicted by 
more elementary considerations. 

Our real goal is to show that the above metrics on V can be continuously 
deformed through locally conformally flat metrics in order to yield metrics 
of negative scalar curvature. We will do this by deforming the Kleinian 
groups Z 2 * Z e PSL(2,C) considered above into ones whose limit sets 
have Hausdorff dimension greater than 1. This problem is intimately tied to 
the theory of non-classical Schottky groups, and its solution will require the 
entire next section of the paper. 

3 Deformations with large limit sets 

The main point of this section is to show that there are quasi-conformal 
deformations of the Kleinian group G of §2.1 whose limit sets have Hausdorff 
dimension arbitrarily close to 2. The proof, which uses ideas going back 
to Bers [5] and Maskit [35], can be easily generalized to a larger class of 
Kleinian groups. Rather than work out a detailed formulation of this more 
general theorem, we content ourselves with assuming that G is a combination 
theorem free product of an elliptic cyclic group of order m, and an elliptic 
cyclic group of order £ > m, where £ > 3. That is, G = Z m * Z^ is the free 
product of an element a of order m, and an element (3 of order £. For our 
application, we of course only need the case of m — 2, and it is the case of 
£ = 3 which is of primary interest here. 

3.1 Holomorphic coordinates 

We note that, since £ > 3, the fixed points of (3 can be distinguished. That is, 
there is no Mobius transformation conjugating (3 into itself and interchanging 
its fixed points. We label one of these fixed points as positive. (For example, 
if we conjugate (3 so that its positive fixed point is at 0, while its negative 
fixed point is at oo, then this conjugate has the form z i— > e 2m ^z.) 

We normalize G so that a has fixed points at and oo, and so that the 
positive fixed point of (3 is at 1; if the order m of a is greater than 1, then 
we put the positive fixed point of a at 0. Let z be the negative fixed point 
of j3. For every z ^ 1, we define the homomorphism <p z : G — > PSL(2,C) 
given by (f> z (a) = a and <f> z (/3) is the Mobius transformation of order £ with 
positive fixed point at 1 and negative fixed point at z. 
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We observe that if z = 0, or z = oo, then <f> z (G) contains parabolic 
elements and has a fixed point z. We also note that if z is real and negative, 
then the axes of <f> z (a) and (f> z ((3) intersect at a point in the upper half space; 
this point is necessarily a fixed point of (f> z (G). It was observed by Chuckrow 
[9] that no point on the algebraic convergence boundary of the deformation 
spaace of G has a fixed point in H 3 or on the sphere at infinity. 

We denote the complex plane, punctured at 1, and with the negative real 
axis deleted, by C*. The homomorphism <p z defines an embedding of C* into 
the space of homomorphisms of G into PSL(2, C). 

Let T = T(G) denote the (quasi-conformal) deformation space of G; 
where the quasi-conformal mappings are as usual normalized so as to fix 
(0,1, oo). With this normalization, every quasi-conformal mapping repre- 
senting an element of T conjugates a into itself and preserves the positive 
fixed point of (3. Since no element of the closure of T can conjugate G into 
a group with a fixed point, we can regard the closure of T as a subset of C\ 

It was shown by Ahlfors and Bers [1] that the image of a point under a 
family of quasi-conformal mappings is a holomorphic function of parameters 
for the family; it follows that if we regard T as being endowed with the 
complex structure defined by the projection from its universal covering space, 
the Teichmuller space of Riemann surfaces of genus with four punctures, 
then this embedding of T into C* is holomorphic. 

The parameter z appears to depend on our normalization. However, if 
we write the cross-ratio of four points as 



Mc > d) = (a-d)(b- c y (5) 



then z = (z, 1; 0, oo) 



3.2 Geometric coordinates 

Let zeC, and let a z = <fi z (a), and (5 Z = (f> z (/3); since z does not lie on the 
closed negative real axis, there is a positive hyperbolic distance d between 
the axes of a z and (5 Z . 

We renormalize a z and f3 z , by sending to +1 and by requiring that the 
common perpendicular between the axes of a z and f3 z have its endpoints at 
and oo, where is closer to the axis of a z . After this renormalization, a z 
has fixed points at ±1, with +1 the positive fixed point if m > 2; f3 z has its 
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positive fixed point at some point t = \t\e ld , and its negative fixed point at 
—t. One sees at once that \t\ = e d , and that 9 is the angle between the axes 
of a z and f3 z obtained by parallel transport along the common perpendicular. 
(More precisely, 9 is the angle from the ray pointing to +1 along the axis of 
a z to the ray pointing to t along the axis of f3 z .) Then t = e d+ld is a geometric 
parameter for the subspace C* C Hom(G, PSL(2, C)). 
Using the invariance of the cross-ratio, we obtain 

* = *(*) = (-*,+*; +i,-i) = !^- (6) 

It was shown by Gehring, Marshall and Martin [16] that for z G T there 
is a positive lower bound to the distance d. As stated above, this is also easy 
to see using the result of Chuckrow [9] . It follows that yfz, which is positive 
for z real and positive, is a holomorphic coordinate on T that extends to the 
boundary, from which it follows that 

t = t(z) = <P» = ^L±\ (7) 

is also a holomorphic coordinate on T that extends to the boundary. 

We note that each point t in the closure of T defines a homomorphism 
ipt '■ G — > PSL(2, C), where ip t — 4>z(t)- This homomorphism is in fact defined 
for all t in the exterior of the unit disc. 



3.3 A boundary point of the first kind 

There is a positive real number L such that if \t\ > L, then t E T. For 
example, one can choose L to be the distance in the hyperbolic plane between 
the finite vertices of the triangle with angles ir/m, n/£ and 0; equivalently, 
this is the distance between the fixed points of the elliptic generators of orders 
m and £ in the (m, £, oo)-triangle group. Easy computation shows that 

coshL= 1 + C " s( / 7r/m)C / ° s( / ^ ) . (8) 
sm(7r/m) sm{7i/£) 

For the case that especially interests us here, m = 2 and £ = 3, this triangle 
group is the elliptic modular group, and L = log \^3. 

For each fixed angle, 9, the ray argt = 9 lies in T for \t\ sufficiently large, 
and does not lie even in the closure of T for \t\ sufficiently small. Hence there 
is some largest tg on this ray with tg on the boundary of T. 
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For each fixed g G G, the entries in the matrix representing ipt{g) are 
holomorphic functions of t. We note that ipt{g) is parabolic only if the square 
of its trace is equal to 4. Hence there are at most countably many points in 
the closure of T (in fact, in the exterior of the unit disc), for which ipt{g) can 
be parabolic. Since G is countable, there are at most countably many points 
in the exterior of the unit disc for which some element of ipt{G) is parabolic. 

We now choose the direction 6q so that, for every point on the ray, argt = 
6*o, no element of the group ipt{G) is parabolic. Let to be the largest point 
on this ray, argt = 9 , where £ lies on the boundary of T, and let K = 
ip to (G). We will need below that there is a sequence of groups in T converging 
algebraically to K. 

It follows from Chuckrow's theorem [9] that ipt is an isomorphism onto 
K; in particular, K is an algebraic free product of cyclic groups of orders m 
and t\ we also know that no element of K is parabolic. 

Proposition 3.1 Every point o/CPi is a limit point of K. In other words, 
K is a Kleinian group of the first kind. 

Proof. Suppose that K is of the second kind; that is, suppose that it 
acts discontinuously at some point on the sphere at infinity. Let A be a 
connected component of the set of discontinuity of K, and let H be the 
stability subgroup of A. Since K is finitely generated, it follows from Ahlfors' 
finiteness theorem that H is also finitely generated. Since K is an algebraic 
free product of cyclic groups of orders m and £, it follows that H is an 
algebraic free product of a finite number of cyclic groups of orders m, £, 
and/or infinity. The function group H can be decomposed, using combination 
theorem amalgamated free products and HNN extensions, into basic groups; 
these are finitely generated subgroups of H, each containing no accidental 
parabolic element, and each having, as a Kleinian group in its own right, a 
simply connected invariant component of its set of discontinuity [37]. It is 
also shown in [37] that every basic group is either Fuchsian or quasifuchsian 
of the first kind, degenerate, Euclidean or finite; it is also well known that 
every such quasifucshian or degenerate group is isomorphic to a Fuchsian 
group of the first kind, where the isomorphism preserves parabolic elements 
in both directions. 

Suppose J is such a basic group. Since K is a free product of cyclic 
groups, so is J; since K contains no parabolic elements, neither does J. We 
conclude that J cannot be Fuchsian, quasi-Fuchsian or degenerate, for every 
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finitely-generated Fuchsian group of the first kind that is a free product of 
cyclic groups necessarily contains a parabolic element. We also conclude that 
J is not Euclidean, for every Euclidean group contains parabolic elements. 
Hence J is finite. 

Since no basic subgroup of H is either Fuchsian or quasi-Fuchsian, the set 
of discontinuity of H is connected [37], implying both that H = K and that A 
is the full set of discontinuity of K. We now have that K is a function group 
isomorphic to G. By [36], it therefore follows that there is a quasi-conformal 
homeomorphism w realizing the isomorphism ip to . But this contradicts our 
assumption that t lies on the boundary of T and not in its interior. Thus 
K cannot be of the second kind, and so must be of the first kind, as claimed. I 



Theorem 3.2 For every e > 0, there is some t t G T such that the limit set 
of ipt e (G) has Hausdorff dimension greater than 2 — e. 

Proof. Proposition 3.1 tells us that the limit set of K has Hausdorff dimen- 
sion 2. However, a result of Bishop and Jones [6] asserts that if K n — > K 
algebraically, then liminf dimA(i^ n ) > dimA(K), where dim A denotes the 
Hausdorff dimension of the limit set of the relevant group. Our result there- 
fore follows from the fact that, by construction, K is the algebraic limit of 
groups of the form ipt(G). I 



3.4 Scalar-Flat Orbifold Metrics 

We now specialize these conclusions to our original case of m = 2, and apply 
them to our geometric setting. Doing so immediately gives us an orbifold 
analogue of Theorem B: 

Proposition 3.3 For each £ > 3, there is a smooth family h t of metrics on 
X = (£ - l^S 1 x S 3 ), t e [-1, 1], such that 

• for each t, the metric h t is locally conformally fiat and D ^-invariant; 

• the metric h\ is conformally related to a metric with s > 0; and 

• the metric h^i is conformally related to a metric with s < 0. 
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Proof. Choose two points in T, one corresponding to a group of Hausdorff 
dimension > 1, the other corresponding to a group with Hausdorff dimension 
< 1. Since the manifold T is connected, these two points can be joined by a 
smooth arc. This arc then corresponds to a family of manifolds diffeomorphic 
to X = (i — l)^ 1 x S* 3 ), together with a smooth family of flat conformal 
structures on them and a smooth family of actions of the dihedral group Ds> 
compatible with these conformal structures. The total space of this family 
is then diffeomorphic to X x / such a manner that the action is inde- 
pendent of the parameter. We now represent our conformal structures by 
a smooth family of metrics. By adding all the pull-backs of these metrics 
with respect to the fixed -D^-action, we then obtain representatives h t which 
are /^-invariant. By Lemma 2.1, the metric at one end-point, say h-i, is 
then conformal to a metric with negative scalar curvature, while the metric 
at the other end-point, say hi, is conformal to a metric with positive scalar 
curvature. S 

Now, for each t, let A t be the lowest eigenvalue of the Yamabe Laplacian 

A 4. Sht 
* If 

and recall that, by the minimum principle, any corresponding eigenfunction 
u t must be everywhere non-zero. Hence A t has multiplicity 1, and so varies 
continuously with t. However, we know that A_i < 0, and A+i > 0, so 
the intermediate value theorem predicts the existence of some to £ [ — 1)1] 
such that A to = 0. Letting u to be the corresponding positive eigenfunction, 
the conformally flat metric h = uf Q h to is then /^-invariant, and has scalar 
curvature s = 0. Thus: 

Proposition 3.4 For each t, the orbifold V = [(£ - 1)(S' 1 x S 3 )]/D e ad- 
mits locally conformally flat, scalar-flat orbifold metrics. Such metrics are 
optimal, in the the sense of the natural orbifold extension of Definition 1. 

3.5 Deformation Theory 

In order to carry out our gluing construction, we will want to know that the 
deformation theory of anti-self-dual conformal structures is formally unob- 
structed for each of the constructed flat conformal structures on V. We will 
deduce this from an analogous statement about flat conformal structures on 
the connected sum X — (£ — 1)(S' 1 x S 3 ). 
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To make this precise, recall that the deformation theory of anti-self-dual 
conformal structures on any 4-orbifold Y is governed by the elliptic complex 
[10] 

-> F(TY) Ti&lA 1 ) F(Q 2 A + ) -> 

where 0q denotes the trace-free symmetric product. Here C computes the 
Lie derivative of the conformal metric along vector fields, while DW + is 
the linearization of the self-dual Weyl tensor at g. The deformation the- 
ory is unobstructed at a given conformal metric iff H 2 of this complex van- 
ishes. (We remark in passing that this amounts [10, 12] to saying that the 
Kodaira-Spencer deformation theory of the corresponding twistor space is 
unobstructed.) 

Proposition 3.5 For any flat conformal structure [g] on the orbifold V = 
(S ,4 /Z 2 )#(S' 4 /Z£) ; the differential operator 

DW+ : C roo (0gA 1 ) -> C°°(ogA + ) 

is surjective. In other words, the deformation theory of ASD conformal struc- 
tures on V is unobstructed at [g]. 

Proof. By ellipticity, it is enough to show that ker(DW+)* = 0. But we saw 
in §2 that V can be expressed as a global quotient X/De, where 

X = {S 3 x 5 1 )#---#( 1 S 3 x S 1 ) . 

v v ' 

i-\ 

Thus any flat conformal structure on V pulls back to a flat conformal struc- 
ture on X, and any (p G ker(DW + )* pulls back to an element of the cokernel 
of the corresponding operator DW + on X. However, a Mayer- Vietoris argu- 
ment due to Eastwood and Singer shows [31, Theorem 8.2] that the defor- 
mation of ASD conformal structures is unobstructed at every flat conformal 
structure on X. Since the pull-back of (p to X therefore vanishes, so does ip 
itself, and DW+ is therefore surjective, as claimed. I 
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4 ALE Metrics 



In addition to the conformally flat orbifolds considered in the previous sec- 
tion, our construction will crucially involve the use of two classes of examples 
of complete, non-compact anti-self-dual 4-manifolds which are asymptotically 
locally Euclidean (ALE). The examples we will use are in fact all scalar-flat 
and Kahler. After an explicit description of the metrics we will actually need, 
we then prove a general result (Theorem 4.2, §4.3) concerning the deforma- 
tion theory of ALE scalar-flat Kahler manifolds. 

4.1 The Gibbons-Hawking Metrics 

The first class of building blocks we will need consists of the Gibbons- 
Hawking gravitational instantons [17], which may be understood [19] as 
Ricci-flat Kahler metrics on the minimal resolutions of the singular complex 
surfaces 



Such a singular complex surface can explicitly be identified with C 2 /Z^, where 
C SU (2) is generated by 



The resolution of the singularity is accomplished by replacing the origin with 
a string of t — 1 copies CPi, each of self-intersection —2, and each only inter- 
secting its succesor and/or predecessor, so that the pattern of intersections 
is dual to that indicated by the Dynkin diagram A^\. 



Metrics in this family can be written in closed form by means of the 
Gibbons-Hawking ansatz [17]. Choose t distinct point p±, . . . ,pe in M 3 , and 



xy = z . 




via the map 




xy = z } 
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set U = {pi, . . . ,pe}. Let p 3 - : M 3 - 
define V : W -> M + by 

V = 

Then = on W, so the 2-form 

■kdV = V x dy Adz + V y dz A dx + V^dy A cfe 

is closed. Moreover, [(*dV)/27r] G H 2 (U,Z), since the integral of *dV on a 
small 2-sphere centered at pj is — 27r, and such spheres generate i?2(W, Z). 
Let : P — > W be the circle bundle with first Chern class [(*dV) /2ir]. By the 
Chern-Weil theorem, there is a connection 1-form 9 on P with d# = G7* ^dV. 
The Gibbons-Hawking metric on P is then given by 

g GH = V{dx 2 + dy 2 + dz 2 ) + V- l 6 2 . 

The metric-space completion of (P, <?) is then a smooth Riemannian man- 
ifold, and is obtained by merely adding one point pj for each each of the 
chosen points pj, and we then have a smooth projection 

Y e = P U {pi,...,pe} 
i I™ i 

K 3 = W U {pi,...,p e } 

which, near each critical point pj, is modelled on the map 

R A = U — ► 3mH = I 3 
q i — > qiq . 

The Riemannian 4-manifold (Y e , g) is then ALE, with T = Z £ , and is hyper- 
Kahler, in the sense that A + is trivialized by three linearly independent 
parallel sections. It is also asymptotically locally Euclidean (ALE); indeed, 
the region pi > max(\pj —pi\) in may be identified with the complement of 
a ball in R 4 /Z e in such a manner such that g = ^/2£p 1 becomes the Euclidean 
radius, and such that 

g = g^ + 0{ Q - A ), d k g = 0{ Q - A - k ). 



be the Euclidean distance to pj, and 



1 1 

Y — 

3=1 J 



21 



4.2 Line-Bundle Metrics 



The second family of ALE metrics we will need for our construction consists 
of the so-called LeBrun metrics [29] on the total spaces of negative-degree 
complex line bundles L — > CPi over the 2-sphere. For each integer £ > 1, 
such a metric on the C\ = —I line bundle may be obtained by taking the 
metric-space completion of the metric 

' £-2 £-1] 2 \ 

on (C 2 — B)/Ze, where B C C 2 is the closed unit ball, and where the Z e 
action is generated by scalar multiplication by e 2m ^ on C 2 . Here <7i, cr 2 , 03 
is the standard SU (2)-invariant orthonormal co-frame on the the unit sphere 
S 3 C IR 4 = C 2 , and it is therefore easy to show that g is C/(2)-invariant. 
When a 2-sphere (corresponding to the zero section of the line bundle) is 
added along g = 1, the metric extends smoothly and becomes complete. For 
our purposes, we will need only the cases £ > 2. Note that when £ = 2, g is 
the celebrated Eguchi-Hanson metric, and is also given by the £ = 2 case of 
the Gibbons-Hawking construction described in §4.1. When £ ^ 2, however, 
the metric is no longer Ricci-flat; moreover, it is then just ALE of order 2, 
rather than of order 4: 

g L B = g E » cl + 0(g- 2 ), d k g = 0(g- 2 - k ). 
4.3 A Vanishing Theorem 

The examples described in the two previous sub-section are all ALE scalar- 
flat Kahler manifolds. However, that these examples by no means constitute 
an exhaustive list; there are many others [7, 25]. The purpose of the present 
section is to prove a general vanishing result pertaining to all such ALE 
spaces. We begin with a lemma which provides useful information on the 
asymptotic structure of such manifolds. 

Lemma 4.1 Let (Y,J,g) be a complete scalar-flat Kahler manifold of real 
dimension 4. Suppose, moreover, that g is ALE in the weak sense that 

g = g E ^ + 0{g-i- 5 ), dg = 0(g-l- 5 ) 



djQ ill 2 

9 LB = -T—JZ-2 1~X + Q ( a l + a 2 + 
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for some 5 > in some real asymptotic coordinate system. Let U C Y be 
the domain of such an asymptotic coordinate system, and let U ~ S 3 x M 
be its universal cover. Then there is a non-singular complex surface (S, J) 
obtained by adding a CPi of self-intersection +1 to U at infinity. Moreover, 
small deformations of this holomorphic curve pass through every point of U 
in a neighborhood of infinity. The complex surface (Y, J) therefore has only 
one end, and is obtained from a non-singular, rational complex surface by 
removing a (typically singular) rational curve. Moreover, g is strongly ALE, 
of order > 2, in the sense that in a (perhaps better) asymptotic coordinate 
chart, 

g = g E u Cl + 0(g- 2 ), d k g = 0{ Q - 2 - k ) 

for every positive integer k. 

Proof. The fact that the weak form of the ALE condition implies the 
stronger form for a scalar-flat Kahler surface is proved in [8, Proposition 
12] by first showing that adding an extra twistor line P at infinity to the 
twistor space of U still yields a complex manifold Z. Let Sq be the image of 
the section of the twistor projection (Z — P) — > U given by J, and let S sim- 
ilarly corresponding to — J. Then S fl S = 0, and, because g is scalar-flat 
Kahler, Pontecorvo's theorem [40] tells us that So U So is the non-degenerate 
zero locus of a holomorphic section of k^ 2 . However, since P C Z has 
complex codimension 2, this section uniquely extends to all of Z by Har- 
tog's theorem. Since So and S are interchanged by the real structure of Z, 
this section is real, and its restriction to P, which is essentially a section of 
0{2) on CPi, must either vanish identically, or vanish only at an antipodal 
pair of points. In the latter case, however, Pontecorvo's theorem would say 
that g extended to U U {oo} as a scalar-flat Kahler metric, contradicting the 
fact that g is complete. The extension therefore vanishes on all of P, and 
S U S U P is therefore a (singular) complex hypersurface in Z. Let S be 
the irreducible component of this surface containing So- Since every point 
of P is either in the closure of Sq or in the closure of So, P must meet S 
in infinitely points. Hence P C S, and S = So U P. Since a generic com- 
plex twistor line therefore meets S in exactly one point, and since we can 
foliate any small region of Z with a holomorphic family of complex twistor 
lines which are not contained in S, the nullstellensatz [18] now implies that 
S is actually non-singular. Thus S is a smooth complex surface obtained by 
adding P = CPi to So = (U, J). Moreover, since P C Z has normal bundle 
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(9(1) © 0(1), whereas P • S = 1, the adjunction formula implies that the 
normal bundle of P C S has degree one. 

The normal bundle of the projective line P C S is therefore 0(1). Since 
iJ 1 (CPi, 0(1)) = 0, Kodaira's theorem on deformations of compact complex 
submanifolds [23] guarantees that every element of if°(CPi, 0(1)) arises from 
a variation of P C S through holomorphic curves, and the union of these 
curves must therefore fill out some open neighborhood V C S of P. 

The fundamental group T of the end U acts on U by isometries preserving 
J, and these extend to U U {oo} as conformal isometries. These in turn lift 
to the twistor space Z as biholomorphisms sending S to S and P to P. In 
particular, T acts holomorphically on S in a manner sending P to itself. Since 
the automorphism group of the first infinitesimal neighborhood of P C S is 
GL(2,C), the action of the finite group T acts on TS\p is realized by that 
of a finite subgroup of the maximal compact subgroup U{2) C GL(2,C). If 
T C T is the normal subgroup corresponding to the center U(l) C U(2), the 
quotient S = S/F is then a smooth complex surface, and S — > 5 is then a 
branched cyclic cover ramified along P. The induced action of F = F /Fq on 
S then has only cyclic isotropy groups with isolated fixed points, so we can 
resolve all the singularities of S/F = S/F by replacing them with Hirzebruch- 
Jung strings [3, Theorem 5.4]. Notice that the generic deformation of P in 
S will descend to S as a CPi of self- intersection |r | > 1, and that any 
such curve which avoids the finite fixed-point set of F will then become an 
immersed CPi with positive normal bundle in the resolution of S/F. 

Applying this picture, we may thus compactify Y as a non-singular com- 
pact complex surface Y by adding a tree of CPi's to each end. But the 
compactification Y then in particular contains holomorphically immersed 
CPi's with positive normal bundle passing through each point of in a region 
at each end of Y. Since the pluricanonical line-bundle K m and the cotangent 
bundle Q 1 pull back to any such curve as negative bundles, all holomorphic 
sections of K m or il 1 must vanish along all such curves, and since these 
curves sweep out an open subset of Y, uniqueness of analytic continuation 
implies that H°(Y, fi 1 ) = and H (Y,O(K m )) = for all m > 0. More- 
over, the homology class of any such curve has positive self-intersection, as 
may be seen by moving a given CPi within the appropriate Kodaira family; 
hence b+(Y) ^ 0. The Kodaira-Enriques classification [3, 18] therefore tells 
us that Y is a blow-up of either CP 2 or a Hirzebruch surface. In particular, 
b + (Y) = 1. It follows that Y can only one end; otherwise, we would get 
two disjoint curves of positive self-intersction from any pair of ends, forcing 



24 



b + to be larger. Hence Y is obtained from a rational complex surface Y by 
removing a (possibly singular) embedded rational curve, as claimed. 1 

With the ground now properly prepared, we are now ready to prove our 
main vanishing result. Actually, this very result was previously stated in 
[24, Theorem 8.4], but the proof given there unfortunately assumes that the 
complex structure is asymptotically biholomorphic to C 2 /r, and this, alas, 
is simply not true in general. However, we shall now see that much the same 
proof can be made to work in full generality with a modicum of extra care. 

Theorem 4.2 Let (Y,g) be any ALE scalar-flat Kahler manifold of real di- 
mension 4, and let (Y, [g]) be its 1-point conformal compactification, con- 
sidered as a compact ASD orbifold. Then the deformation theory of ASD 
conformal structures on Y is unobstructed at [g]. That is, the linearized 
self- dual Weyl curvature 

DW+ : C°°(Q 2 T*Y) -> C°°(ojjA + ) 

is surjective at \g\. 

Proof. Consider the adjoint equation 

(DW+)*<p = (10) 

for an element tp G T(OqA + ) of the cokernel on the orbifold Y . If ip a b c d * s 
simply considered as a totally trace-free tensor field with the same symmetries 
as W+, then (10) takes the explicit form 

(W + \r bd ^ ^ bcd = 0, (11) 

so (DW + )(DW + )* is elliptic, and any distributional solution (p on Y is nec- 
essarily smooth in the orbifold sense. Moreover, DW + belongs to an elliptic 
complex, so that DW+ is surjective iff (10) has no non-trivial solutions. Now 
the geometric nature of the construction of DW + implies that it is confor- 
mally invariant; and since the L 2 inner product on such tensor fields tp a bcd 
is conformally invariant, equation (10) is conformally invariant without any 
added conformal weight. Thus the pull-back of </? to Y satisfies both (10) 
and the asymptotic fall-off conditions 

M = o(£~ 4 ), |vVl = o(£- 4 - fc ) 
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at infinity, where g denotes the Euclidean radius function in the asymptotic 
chart, and where the norms and derivatives are all with respect to g. Working 
henceforth only on (Y,g), our objective is therefore to show that (10) and 
these boundary conditions suffice to imply that if vanishes. 

To this end, think of ip as belonging to End (A + ), and consider the self- 
dual 2-form (j) obtained by applying this endomorphism to the Kahler form 
u; that is, let 

= <p(u) e r(A+) 

be the contraction of ip with u. We then recall that 

A+ = Rlo © Ue{K) 
on any Kahler surface, where K = A 2 ' is the canonical line bundle. Thus 

= fuj + a 

for some function / and the real part a of some (2, 0)-form. Then (10) implies 
[33, Corollary 2.3] that 

dT8(fu + a)-fp = 0, 
where p is the Ricci form of g. Using the Kahler identities to rewrite this as 

(dAd c + d c \d)a - 2dd c f - coAf - 2fp = 
and then applying dd c , we thus obtain the fourth order scalar equation 

(A 2 + 2r • VV)/ = 0. 
However, this so-called Lichnerowicz equation can be re-written [32] as 

V.V^VpVV = 0, 

or, in other words, as 

(dd#Y(dd#)f = 0, 
where d* means the (1,0) component of the gradient. But since 

|V fc /l = 0(g- 4 - k ) 
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two integrations by parts give us 

J \(dd*)f\ 2 df, = J f(dd*)*(dd*)fdfi = 0. 

Hence dd*f = 0, and d # f = (V/ — iJV/)/2 is thus a holomorphic vector 
field. But this means that the Hamiltonian vector field JV/ preserves both 
the K abler form u and the complex structure J. Therefore £ = JV/ also 
preserves g, and so is a Killing vector field. In particular, £ may be viewed as 
a conformal Killing field on (Y, [g]). But our fall-off conditions say that £ = 
0(g~ 5 ), and in inverted coordinates about the point at infinity, £ therefore 
has a zero of order 6. Since a conformal Killing field is completely determined 
by its 2-jet at any point, it follows that £ = JV/ vanishes identically. This 
shows that / is constant, and our fall-off therefore implies that / = 0. 
It follows that the self-dual 2-form <p = a satisfies 

d-5(f) = 0. 

Hence dS(J) is self-dual, and \d5(f)\ 2 dfj, = d5(J)Ad54>. Integration therefore gives 

J \d5<P\ 2 dfi = J d(5<PAd5<i)) = 

by Stokes' theorem and the fact that \8<j) A d8(f)\ = 0(g~ n ). Thus d5<p = 0, 
and the self-dual 2-form <p is therefore killed by the Hodge Laplacian. But 
since our manifold has s = and W+ = 0, the Weitzenbock formula for the 
Hodge Laplacian just says 

(d + 5) 2 (f) = V*V0 = O. 
Since • V0 = 0(g~ 9 ), integration by parts therefore says that 

J |V0| 2 c^ = J (0, V* V0)rf/i = 

so that V0 = is parallel, and so in particular, |0| is constant. But \(j)\ — > 
at infinity, so it follows that = 0. 

We must therefore have tp = (3 + (3 for some f3 G T(k® 2 ), where k = A 2 ' is 
the canonical line bundle. Because the Ricci tensor belongs to A 1,1 , equation 
(11) now simplifies to become 

V k VUa^ = 0. 
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Letting ip e r(fi 1 ® k) be denned by 

we then have d*ip = 0, so 9^ = 0, and is holomorphic. 

Now let U CY be an asymptotic region of Y, and let U w S* 3 x R be its 
universal cover. We have shown, in Lemma 4.1, that we can form a complex 
surface (S*, J) by adding a holomorphic curve P = CPi of self-intersection +1 
at infinity; moreover, deformations of P then gives us rational holomorphic 
curves of self-intersection +1 sweeping out an open neighborhood V C S of 
P. The asymptotic fall-off of now implies that the pull-back of ip to U 
extends continuously, and hence holomorphically, to S. But V is swept out 
by CPi's with normal bundle 0(1). Since the restriction of Q 1 <E> k to such a 
curve is isomorphic to 0(—5) © 0(—A), it follows that ip vanishes identically 
on V, hence on its image in Y, and thus on all of Y by the uniqueness of 
analytic continuation. 

The vanishing of ip now tells us that 

so we now have 8(3 = 0, and (3 is itself holomorphic. But once again, our 
fall-off conditions imply that the pull-back of f3 to U extends holomorphically 
to S. Since the restriction of n m to a CPi of self- intersection +1 is isomor- 
phic to 0(— 6), we thus see that j3 must vanish identically on the open set 
V C S swept out by such curves, and hence on all of Y by analytic contin- 
uation. Thus (p — /3+j3 = 0, and the cokernel of DW + is trivial, as claimed. I 



5 The Gluing Construction 

We are now in a position to construct the desired family of anti-self-dual 
metrics on kCF 2 , k > 5. The basic tool we will need is the following gluing 
result [24, Theorem C]; cf. [14, 43]. 

Proposition 5.1 (Floer et al.) Let (Vj,[gj]) be a finite collection of smooth 
compact oriented A- dimensional orbifolds with anti- self- dual conformal struc- 
ture, and suppose that these conformal structures are deformation-unobstructed 
in the sense that 

DW + : C°°{QlT*Y) -> C°°{Q 2 A + ) 
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is surjective for each of these spaces. Further, suppose we are given gluing 
data, consisting of a finite collection of pairs (p a , q a ) e ]J Vj of distinct 
points, together with a collection of linear maps 

A Q : T Pa — > T Qa 

between the orbifold tangent space of ]J Vj at these points, such that A a is an 
orientation-reversing conformal isometry, and such that, for each a, either 

• p a and q a are both manifold (non-singular) points o/JJ Vj; or else 

• p a and q a are both orbifold (singular) points, the relevant orbifolds are 
locally modelled on T Pa /T a and T qa /Y a for the same finite group T a , 
and the relevant representations ofT a are intertwined by A Q . 

Let M be the new orbifold obtained from ]J Vj by first removing a small ball 
around each p a and q a , and then identifying the resulting boundaries via 
the orientation-reversing diffeomorphism indicated by A a . Then V admits a 
family of anti- self- dual metrics [g u ], smoothly (but perhaps redundantly) pa- 
rameterized by deformation-unobstructed ASD conformal structures on ]J Vj 
and choices of gluing data. Moreover, these conformal structures resemble 
those specified on each Vj in the following sense: there are sequences of these 
g Ul of these metrics and diffeomorphisms : (Vj — {p a , q a }) M such that 
the conformal metrics [$}g Ul ] converge to [gj] in the C 2 topology on every 
compact subset K C (Vj — {p a , Q a })- 

We remark that the redundancy of parameterization alluded to above 
only occurs if some of the Vj carry conformal Killing vector fields, and can 
be eliminated by adding marked points to the picture. Note that this param- 
eterization by no means describes the entire moduli space of anti-self-dual 
metrics on V, about which still know all too little; rather, it simply says that 
this moduli space has a preferred end, where we know quite a bit. 

As sketched in §1.3, we now consider the orbifolds V\ = S 4 /Zj2, and 
Vi = S 4 /Zf, £ > 3, together with two copies V3 and V4 of the one-point com- 
pactification of the Eguchi-Hanson space Y 2 , one copy V 5 of the compactified 
Ai_i Gibbons-Hawking space and one copy V 6 of the compactification of 
the Ci = — £ line bundle over CPi equipped with the LeBrun metric. We 
consider the ordinary connect sum V = V\$Vi centered at manifold points, 
and then take the generalized connect sum 

M e = V# Z2 V 3 # Z2 V 4 # Ze V 5 # Ze V 6 
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centered at appropriate pairs of singular points. Because we have eliminated 
all the singular points, this gives a smooth compact 4-manifold, and it is 
moreover easy to see by Seifert-van Kampen and Mayer- Vietoris that Mi is 
simply connected, and has 62 — £ + 2. By Proposition 3.5 and Theorem 4.2, 
the hypotheses of Proposition 5.1 are fulfilled, and we thus have 

Corollary 5.2 The gluing strategy proposed in §1.3 does actually give rise, 
via Proposition 5.1, to a connected family of anti- self- dual metrics on the 
smooth compact simply connected manifold Mi with b 2 = i + £ > 3. More- 
over, for any compact subset K of the complement of the four singular points 
of V, there are embeddings K <^-> M on which some of these metrics are 
arbitrarily close, in the C 2 sense, to any one of the conformally flat metrics 
h of §3.4- On the other hand, one can also construct some metrics of this 
family by instead applying Proposition 5.1 to the orbifolds V\, . . . ,V 6 , without 
forming the connect sum V = Vi#V 2 as an intermediate step. 

Note that, in the complex coordinate on T described in §3.1 , direct 
construction from V±, . . . ,V 6 corresponds to the region z ~ 1, where V = 
V\j^V2 has an extremely long neck separating the two orbifold points of type 
7Li from the two singularities of type Z 2 . 

5.1 Negative Scalar Curvature 

Let us now show that some of the conformal structures of Corollary 5.2 have 
representatives of negative scalar curvature. 

To see this, recall that if the lowest eigenvalue of the Yamabe Lapla- 
cian of a compact Riemannian manifold is negative, the metric can then be 
conformally rescaled to yield a metric of negative scalar curvature simply by 
multiplying it by the square of the corresponding eigenfunction. In dimension 
4, it therefore suffices to show that 



is negative; in particular, it suffices to display some smooth test function u 
such that 



inf 



J[Q\Vu\ 2 + SU 2 }d/2 
f u 2 dfi 




Note that this test function need not be positive everywhere. 
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We saw in §3.4 that V = Vi#V 2 admits conformally flat orbifold metrics 
of negative scalar curvature. By rescaling , we can therefore find such metrics 
with scalar curvature s < — 1. Let u be a function V which is identically zero 
on the (e/2)-balls about the four oribifold singularities, equal to 1 outside 
the corresponding (e)-balls, and has |Vw| < 3/e in the transition annuli. We 
further take e G (0, 1) to be small enough so that the total volume of these 
four (orbifold) e-balls is less than Ce 4 where e.g. C = 2tt 2 . With respect to 
the background metric h, we then have 

J [6|Vw| 2 + su 2 }dfx h < 54Ce 2 - [Vol (Y) - Ce 4 ] < 55Ce 2 - Vol (Y) 

which is negative for e is sufficiently small. For such an e, let K C V be the 
complement of the four (e/2)-balls about the orbifold points. Corollary 5.2 
then tells us that there exists a family of representative metrics gj for some of 
our conformal structures on Mi, together with a sequence of diffeomorphisms 
$j ; : K <^-> Mi, such that — > h in C 2 on K. In particular, 

/ [6|Vw| 2 + su 2 }dfi^ 9] < 

for sufficiently large j. For some such j, we can thus construct a test function 
u on Mi by extending the push-forward uo^J 1 by zero, and this test function 
then satisfies 

/ [6|Vm| 2 + su 2 ]dfi 9] < 0. 

Thus (M, [g^) can be conformally rescaled to yield a metric of negative scalar 
curvature, and we have: 

Lemma 5.3 For each £ > 3, some of the anti- self- dual conformal classes on 
Mi constructed in Corollary 5.2 can be represented by Riemannian metrics 
of negative scalar curvature. 

Note that the gist of this argument is quite soft, and widely applicable. 
The moral is that negative scalar curvature on one summand can be used to 
generate negative scalar curvature on a generalized connected sum; cf. [20]. 
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5.2 Positive Scalar Curvature 



We next show that other conformal classes in our connected family have 
representatives of positive scalar curvature. Results of Joyce [20] indicate 
that this can be done by a direct argument in the spirit of the proof of Lemma 
5.3; however, the positive case in this setting is technically quite delicate. 
Instead, we will proceed here via an entirely different route, exploiting the 
considerable body of information concerning the spaces in question. 
To this end, let us instead consider the manifolds 

and 

Ne = V 5 # Ze V 2 # Ze V 6 = V 5 # Ze V e . 

In both these cases, Proposition 5.1 allows us to deduce the existence of ASD 
conformal structures built out of the given building blocks. However, one 
knows families of explicit ASD metrics of with the required degenerations 
on these manifolds; some of these metrics admit semi-free circle actions, 
and arise from the hyperbolic ansatz [30, pp. 235-237], and the relevant 
degenerations involve bringing the centers together until they collide. In 
particular, this explicitly identifies N as the smooth manifold 2CP2, and 
as £CF2- Moreover, all of these explicit conformal classes are known [30, 
p. 235] to admit representatives of positive scalar curvature. Some of the 
metrics of our family are therefore obtained by directly applying Proposition 
5.1 to glue together some of these positive-scalar-curvature ASD metrics on 
N and Ng. For such ordinary connect sums, however, the gluing procedure 
can be realized by the Donaldson- Freedman construction [10], and in this 
context, a theorem of Atiyah on the the Penrose Transforms of Yamabe 
Green's functions allows one to show [31, 21] that connected sums of positive- 
scalar-curvature ASD manifolds with small gluing parameters again have 
representatives of positive scalar curvature. This shows the following: 

Lemma 5.4 For each £ > 3, is diffeomorphic to (£ + 2)CP2, and some of 
the anti- self- dual conformal classes on Mi constructed in Corollary 5.2 can 
be represented by Riemannian metrics of positive scalar curvature. 

5.3 The Main Theorems 

Combining Lemmas 5.3 and 5.4, we now have a smooth connected family 
of anti-self-dual metrics on the connected sum (£ + 2)CP2, £ > 3, such that 
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some of the conformal classes are represented by metrics of positive scalar 
curvature, and others are represented by metrics of negative scalar curvature. 
Choosing a smooth path in our parameter space which joins a conformal class 
of the first type to one of the second, and setting k = £ + 2, we have therefore 
proved 

Theorem B For any integer k > 5, the smooth oriented 4-manifold kCF 2 
admits a smooth 1-parameter family of anti-self-dual Riemannian metrics g t , 
t G [—1,1], such that [g\] contains a metric of positive scalar curvature, while 
[<7_i] contains a metric of negative scalar curvature. 

Now let \ t be the smallest eigenvalue of the Yamabe Laplacian 

for the metric gt- By the minimum principle, any corresponding eigenfunction 
u t must be everywhere non-zero. Hence Xt has multiplicity 1, and so varies 
continuously with t. However, we know that A_i < 0, and A + i > 0, so the 
intermediate value theorem predicts the existence of some t £ [ — 1, 1] suc h 
that \ to = 0. Letting u to be the corresponding positive eigenfunction, the 
ASD metric g = uf o g to then has scalar curvature s = 0. This proves 

Theorem 5.5 For each k > 5, the smooth compact oriented 4-manifold 

kCP 2 = CP 2 # • • • #CP 2 

N v ' 

k 

admits scalar-flat anti- self- dual Riemannian metrics. In particular, each of 
these spaces carries optimal metrics, in the sense of Definition 1. 

Combining this with the results of Yau [46] on K3 and Rollin-Singer [41] 
on CP 2 #A;CP2, we have therefore proved Theorem A, as promised. 
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